Abstract. Climate variability is triggered by several solar and orbital cycles as well as by the intern ocean dynamics. Consequently, paleoclimate proxy records are expected to vary on very different time scales ranging from subdecadal to millennial duration. We demonstrate, that Foster's (Foster, 1996) wavelet analysis technique is an appropriate tool for investigating temporarily changing spectral properties of records characterized by awkward sampling quality, which is a typical feature of climate proxy records. By applying it to the Holocene part of different glaciochemical records of Greenland ice cores we proof evidence for a significant contribution of the 1.47 kiloyears cycle over alomst the entire Holocene.
Introduction
The ice sheet over Greenland consists of continously deposited and over a time period of more than 250 000 years accumulated snow. Climate conditions have controlled the texture of the precipitated snow and that of the surface layer, such that annual layers and patterns within this sequence of layers are arisen. Hence, ice cores drilled in Greenland provide detailed information about paleoclimate and its variability. Many core properties which appeared to be similar for different coring locations account for geographically extended, i.e. North Atlantic, climatic patterns and climatic evidence of their variations (Grootes et al., 1993; Taylor et al., 1993) . In the uppermost core part decadal or better resolution of important characteristics can be achieved. The deeper the snow/ice is located the stronger mass pressure and internal ice sheet dynamics have been taken effect, resulting in depletion, pinching and swelling of the layers. Thus, equidistant sampling of core properties along the depth of a core leads to a coarsening of time resolution with increasing age, corresponding sampling intervals might cover time periods
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As explained above ice cores contain fossil water, and thus they have conserved the isotopic signature and chemical composition of the precipitation over Greenland at its deposition time. Moreover, these characteristics indicate former climatic conditions and variability. Consequently, variations on very different time scales are expected to be found: The orbital parameters of the Earth change on Milankovitch scales (19, 23, 41 and 100 thousand years); the solar output varies not only according the famous 11-years cycle, but also with periods of 22, 89, 148 and 207 years or 1800-2500 years (Sonnet et al., 1984) respectively; its modulation by the solar internal motion shows cycles on decadal scales (Palus et al., 2000) ; ocean and ice dynamics (Stuiver and Braziunas, 1993 ) is related to variability of 512 years, 1.47 kiloyears and 6 kiloyears; changes in atmospheric loading (O'Brien et al., 1995) are tied to a period of almost 3 kiloyears and climate oscillations such as the El Niño Southern Oscillation or the North Atlantic Oscillation (Sonnet et al., 1984) show variability on a (sub-)decadal time scale.
These records of isotopic and chemical composition together with nonlinear age-depth models, transforming equidistant core-depth sampling into non-equidistant age sampling, represent reference data sets that provide information about late Quaternary climate conditions and climate variability in the North Atlantic region (Mayewski et al., 1997 (Mayewski et al., , 1990 Taylor et al., 1996; Yang et al., 1995; Grootes et al., 1993) . Among several records the most prominent one, the δ 18 O record, serves as a paleo temperature proxy.
In first order approximation low δ 18 O values are related to cold periods (glacials) and high amplitudes indicate higher air temperatures over the North Atlantic. The main revelation of this record has been the detection of DansgaardOeschger (Dansgaard/Oeschger et al., 1984) events, i.e. very rapid warmings followed by a gradual cooling and a final return to glacial temperatures during the last glacial (100 000 until 11 800 years ago) in Greenland.
Strong fluctuations of the δ 18 O concentration have been accompanied by significant changes in accumulation rate and dust content. Mentioned temperature changes reflect the switch on/switch off dynamics of the North Atlantic thermohaline ocean circulation. During a switch-on-period highly dense, i.e. cold and saline, water in the Labrador and Norwegian sea sinks to depths. The loss of water is compensated by poleward movement of warm, saline surface water from low latitudes to the North Atlantic or the Gulf stream, respectively. When the Gulf stream water has been cooled down and become dense, the circuit is closed. This circulation transports a remarkable quantity of heat to the surface of the North Atlantic, that increases primarily the air temperature and changes secondly the atmospheric circulation patterns. When the water density gradients in the Labrador and Norwegian fall below a critical threshold, this circulation is ceased. It starts again as soon as this gradient increases to a level where density-induced overturning of the water column can resume (for an overview and a list of references see Bradley, 1999) .
Detailed spectral analysis of the Greenland ice sheet δ 18 O record has proven a 1470 year cycle, that is interpreted as the preferred recurrence time of Dansgaard-Oeschger events. Although the Holocene part of the record does not show that cycle, ample evidence of its existence over the past 15 000 years has been found in sediments of deep sea cores from the North Atlantic (Bond et al., 1997 ). The grain size distributions found in the sediment and diatom tests prove advection of cool, ice-bearing water from Island to the south with a cyclicity close to 1470 years.
The intention of this paper is to examine accumulation rate, δ 18 O and chemical composites of Holocene sections of Greenland Ice cores in order to search for indications of oscillations on the Dansgaard-Oeschger scale. Since the amplitude of this millennial scale period cannot assumed to be constant, wavelet analysis, which allows a simultaneous decomposition in time and frequency domain, is applied.
The paper is organized as follows: First methods and results regarding data analysis of ice core δ 18 O records are resumed. A discussion about awkward sampling properties of measured ice core data is followed by a presentation of Foster's wavelet analysis algorithm as a reliable technique to analyze such data. The results concerning millennial scale variability of the Greenland Ice cores are presented and discussed and finally an outlook on methodical enhancements of the presented technique is given.
Data analysis of the δ 18 O records from Greenland
Period analysis of unevenly sampled data has been introduced in the context of astrophysical observations (Lomb, 1976; Scargle, 1982; Foster, 1995) . Applying these algorithms to perform a spectral analysis a sharp peak centered around a period of 1470 years has been found in different ice (Grootes et al., 1993; Mayewski et al., 1997; Schulz, 2002a) and ocean (Bond et al., 1997) cores. Since no orbital pacemaker acting on this period is known, the significance as well as the origin of the peak have been discussed intensively: The hypothesis of Wunsch (Wunsch, 2000) that this peak is an alias of the annual cycle due to sampling on larger time scales initiated a controversial discussion (Meeker et al. and Wunsch, 2001) . By now it is generally accepted that this peak is a signature of the ocean ice dynamics. Schulz (Schulz, 2002b) has proven that the significant strength of the peak at the 1470 year period (with respect to the δ 18 O record of Greenland Ice Sheet Project 2 (GISP2) campaign) is caused by the age interval 31-36 kiloyears B.P. (B.P. means before present and present is dated with 1950). Further, he could show that most time intervals between adjacent Dansgaard-Oeschger events are integer multiples of 1470 years which is a clear indicator of a pacemaker. Rahmstorf has demonstrated that the timing of these climate events follows a precise clock (Rahmstorf, 2003) . However, the origin of this pacemaker is still unclear. Recent numerical simulation of paleo climatic conditions led to the assumption the peak is caused by superposition of two solar cycles and a suitable offset (Braun et al., 2004) . Fourier analysis needs stationary records as a prerequisite, i.e. considered records are supposed to have a time independent mean value and autocorrelation function, or, in other words, the amplitudes of different periods remain constant during the complete observational epoch. The ice core records, however, do not fulfill this conditions. Since wavelet analysis delivers a decomposition in time and frequency domain simultaneously it seems to be the more appropriate tool to characterize time dependent variability.
Climate proxy data are awkward data
From the viewpoint of statistical data analysis climate proxy data based on lab measurements of ice cores are data with awkward sampling properties:
-Isotope-based age estimates that are affected by random and systematic errors cause uncertainties concerning the age axis. This property makes paleo climatic records fundamentally different to all data resulting from direct instrumental measurements as instrumental climate data, output of physical lab experiments or even medical data as ECG/EEG measurements. Moreover, these uncertainties along the time axis, i.e. the standard deviation of the random error concerning the estimated ages, grow backwards in time. An appropriate data analysis has to be performed.
-Due to the nonlinear age-depth relation the data are unevenly sampled. Further, the mass pressure of the ice leads to an increasing compression with growing overburden or age, hence, to a strong depletion of the lower, i.e. older, part of the ice sheet. Laboratory measurements are performed for core slices of constant thickness; consequently the data density (data per age interval) in the older part diminishes dramatically.
-As usual, amplitudes are disturbed by noise. The noise intensity of the GISP2 data varies for different paleo climatic periods and is further affected by changing sampling rates.
Standard time series analysis techniques and related software packages require evenly sampled and stationary time series, and implicitly, a well-defined time axis. Since data under consideration do not fulfill these assumptions alternative techniques are required. The problem concerning uneven sampling and non-stationarity can be solved by implementing Foster's wavelet analysis algorithm. He considers the wavelet analysis for a fixed localization centered around the age τ and concerning to the period ω as a weighted projection of the time series onto a function space spanned by the sine/cosine basis function related to ω and the constant function.
Fourier and wavelet analysis of unevenly spaced time series
In this section the main mathematical ideas behind the Fourier and wavelet transform for unevenly sampled data are outlined.
Besides its well known physical interpretation the Fourier transform can be considered from the viewpoint of functional analysis as a main axis transformation. To accomplish this more detailed some notations have to be introduced. A possibly unevenly sampled time series x={x(t j )} N j =1 is considered as a point of the N -dimensional sampling space that is spanned by the standard basis δ k ={δ t j ,t k } N j =1 , k=1, . . . , N, where t j denotes the (estimated) age of the j -th measured point, x(t j ) stands for its amplitude, and δ t j ,t k is the Kronecker delta. For evenly spaced time series a scalar product is introduced by
which implies the definition of a norm x 2 = x * , x , where x * is the conjugate complex of x. A discrete Fourier transformation can be understood as a set of projections onto subspaces that are spanned by the constant vector 1 =1={1(t j )} N j =1 , 1(t j )=1 ∀t j and a complex Fourier basis vector f (ω k )={e iω k t j } N j =1 which one can decompose in its real and imaginary parts, i.e. 2 ={cos(ω k t j )} N j =1 or 3 ={sin(ω k t j )} N j =1 , respectively. In case of even sampling intervals t, i.e. t j =j t, the basis functions 2,3 (ω k ) are orthogonal if ω k = 2π k N t for 1 ≤ k≤ 1 2 N manifesting the interpretation as a main axis transformation. This orthogonality gets lost when considering unevenly spaced data sets.
Foster (Foster, 1995) has proposed to determine the projection coefficientsỹ a , a=1, 2, 3 which correspond to the chosen period ω k in such a way that the optimum projection is realized, i.e. the distance between the original function x and its projection x−(ỹ 1 1 +ỹ 2 2 +ỹ 3 3 ) is minimized.
A very similar scheme can be applied to perform a wavelet transformation Foster (1996) (for some more details, please see the Appendix). Therefore, the scalar product as introduced in Eq. (1) needs to be generalized by a weighted scalar product:
The Fourier transformation is equivalent to w j =1, j =1, . . . , N. For a wavelet transformation, the weights w j should focus the consideration onto data points located in a neighborhood of the age τ . For the abbreviated Morlet-Wavelet f (t)=e −cω 2 (t−τ ) 2 ·e iω(t−τ ) used here the weights are defined as w j = exp{−cω 2 (t j −τ ) 2 } for discrete times t j , where c=(8π 2 ) −1 .
The projection onto the subspaces, which are spanned by the basis
, is defined in the same way as above and the determination of its coefficients is equivalent, too. Please note that the effective number of data points that contribute to the projection shrinks to
that is in any case less or equal the number of time series elements N . Finally, a statistical test is implemented adopting a Null hypothesis. This Null hypothesis is related to a model function which we consider being pure white or colored noise. Foster has introduced a Z-statistic based on a F -Test, which evaluates the normalized quotient of the (weighted) variation of the projected data and the projected model function of pure noise. The degrees of freedom mainly depend on the effective number of data points N eff . This can lead to different degrees of freedom for identical frequencies ω but different sampling rates. For each pair ω, τ the hypothesis is tested, and, if rejected, the period-ω contribution to the variability near the age τ is interpreted as a climatic signal beyond the background noise. The exact formalism is outlined in the Appendix or can be read in more detail in Foster (1996) .
Results and discussion
We have focused our considerations on centennial and millennial scale variability of different physical and chemical properties of the GISP2 data set, that can be downloaded from www.ngdc.noaa.gov/paleo/icecore/greenland/ summit/document/gispdata.htm. The analysis has been concentrated on the Holocene and its termination, i.e. the time interval of the past 15 700 years.
Since spectral and more sophisticated analysis of the δ 18 O record has provided variability on the 1.47 kiloyears scale over the last glacial it has been the object of our first attempt to search for such variability in the younger part. In The second and third panels visualize the wavelet amplitudes depending on the localization (age) and the period length for the past 50 000 years as well as the Holocene part of the record. White areas are related to effective number of data points less than 6, where amplitudes cannot be estimated reliably. Cross hatched regions indicate the cone of influence, where the wavelet analysis is affected by edge effects. Contour lines mark periodic shares that are significantly different from a red noise background assuming an error of the first type of 5%. The bottom panel display the color codes. The dashed line stands for the 1.47 kiloyears cycle.
order to prove the performance of the wavelet technique the 50 kiloyears history of the δ 18 O has been analyzed. As can be seen in Fig. 1 (second panel) the wavelet analysis reproduces results of former investigations (see Sect. 1) and brings out evidence for significant variations on the 1.47 kiloyears scale for ages from 26 to 37 kiloyears and from 40 to 48 kiloyears. Slightly increased amplitudes on that scale are visible throughout almost the entire glacial. The (relatively) low data density may be the reason why the statistical test cannot significantly distinguish this increased amplitudes from the red noise background. Surprisingly, the results show, that the Holocene section contains mainly red noise (third panel) and centennial as well as millennial scale variability for some shorter time intervals. Neither a continuous periodic portion on the 1.47 kiloyears scale nor even a shorter period does exist. What are the reasons? Changes in δ 18 O ice cores are rather rough indicators of North Atlantic sea surface temperature variation, because precipitation over Greenland has different sources namely the North Atlantic and the North Pacific (Kiefer et al., 2002) . When the sea surface temperature in the North Pacific region is higher than in the North Atlantic the variations in δ 18 O are faded or disappear at all. However, the analysis reveals a contribution with a period length Fig. 2 . The GISP2 accumulation rate record (top) and its 100-year mean (red). The lower panel shows the wavelet amplitudes, contoured regions contain periodic shares significantly different from red noise assuming 5% error probability.
of 980 years (3.5 kiloyears until 9 kiloyears) which was recently discussed by (Schulz, 2002a) as signature of the arctic signal and a second one (3 kiloyears until 7 kiloyears) on a 2.4 kiloyears scale, which is a scale on that the solar output changes (Stuiver and Braziunas, 1993) .
However, Greenland ice core records are composed of many characteristic parameters, some among them are interpreted as proxies for sea surface temperature, too. Snow accumulation rates (Cuffey et al., 1995; Cuffey and Clow, 1997) which are primarily a precipitation proxy reflect the humidity of the ancient atmosphere. Since the formation of moisture rises by increasing temperatures, changes in snow accumulation rates can be understood as temperature driven, i.e. this data set turns out to be an alternative to the δ 18 O record. The GISP2 accumulation rates have been modeled by a combined heat-and ice flow model constrained by measurements of the borehole temperature, the δ 18 O record and the age depth model of that ice core. Figure 2 that presents this record and its wavelet transform gives clear evidence that the humidity of the atmosphere has been changed on millennial scales, and in particular on the 1.47 kiloyears scale. Variability on this scale can be found for ages between 5 and 10 kiloyears B.P., during the early Holocene (more than 12 kiloyears ago) and with rather high amplitudes during the Holocene's termination. For the time period 2-8.5 kiloyears B.P. the wavelet amplitudes show well defined bands on 1.8-2.3 and 3-4 kiloyears. Throughout the past 11 kiloyears amplitudes are amplified on broad band between 5 and 7 kiloyears which seems to be tied to the mechanism responsible for Heinrich events (McManus et al., 1999) .
The several dissolved chemical constituents of ice cores serve as finger prints of both, the source area as well as the pathway of the air masses that ejected precipitation over Greenland. Ammonium is a tracer of continental (North Fig. 3 . The GISP2 ammonium concentration record (top) and its wavelet amplitudes (bottom). Contoured regions contain periodic shares significantly different from red noise assuming an error probability of 5%.
American) bioactivity, and serves as an indicator of biomass burning events (Taylor et al., 1996) . High ammonium concentrations in the ice core indicate stronger atmospheric loading over the North American continent, meaning improved transport conditions in terms of increased storminess in this region and/or rather dry climatic conditions. High-frequent storm events are caused by a strengthening of the polar vortex that evokes growing pressure gradients between the pole and lower latitudes and a cooling in the North and at middle latitudes, respectively. Besides of some spread centennial variability the wavelet analysis reveals an almost continuous cycle on the 1.5 kiloyears scale, namely for ages between 2 and 10.5 kiloyears B.P., and, with very high amplitudes from 12.5 to 15.7 kiloyears B.P. (Fig. 3) . Further, continuous cycles with periods of 3.0-3.5 kiloyears, 4.5 kiloyears and around 7 kiloyears are visible, the first two of them are close to multiples of the famous period of 1.47 kiloyears. Rather similar results are found for the variations in Potassium (Witt and Oberhaensli, 2005) 1 , which is related to the vegetation cover of the soil.
Besides of its contribution to the analysis of non-stationary frequency structures, wavelet analysis can be used to evaluate wavelet phases (see Eq. A11) and to band-pass-filter the considered record. The filtered series is nothing as the product A(ω, τ ) sin( (ω, τ )) for a fixed frequency ω. Since significance for variability on 1.47 kiloyears scales has been proven for both, the ammonium as well as the precipitation rate record, which both serve as proxies for warmer/cooler climatic conditions, the phase relation between the 1.47 kiloyears-portions of these records have been investigated. The computations show (see Fig. 4) a con-Fig. 4 . Consideration of the 1.47 kiloyears portions of the ammonium and the accumulation rate records: phases (top), phase differences and 1.47 kiloyears portions of both records. Gray background indicates significant periodicity on the 1.47 kiloyears scale for both records. stant phase shift during time periods where the 1.47 kiloyears amplitudes of both data sets are significantly different from the noisy background, i.e. between 6 and 10.5 kiloyears B.P. and older than 12 kiloyears B.P. These phase shifts concentrate near 4/(2π ) which is 60% of a period length, meaning the ammonium variation is approximately 1 kiloyear lagged behind the accumulation rate. This phase shift can be explained in terms of different temperature codings of the two records: the accumulation rate goes in paralleled with temperature variations while high ammonium concentration stands for increased storminess which, as explained above, is accompanied by low temperatures at middle and higher latitudes. Considering the moisture content of the atmosphere, high precipitation values are related to a humid atmosphere, whereas massive biomass burning (high ammonium concentration) requires dryer conditions.
Conclusion and outlook
The ice core data are undoubtedly records of highly nonstationary and nonlinear processes. Their wavelet analysis pro- The uneven time sampling of these records, which was the strongest limit of the applicability of standard time series analysis techniques, has been overcome by adopting Foster's wavelet algorithm. But how to deal with the uncertainties along the age axis? All wavelet plots presented show extended areas of variability that is significantly different from the noisy background. A moderate alteration of the age axis would result in very similar wavelet amplitudes, most significant structures are resistant to slightly modified ages. As long as the periods under consideration remain significantly larger than the expected uncertainties of the ages, the proposed method is an adequate tool to understand the structure of the data.
A special peculiarity of the GISP2 record is the coarsening of the sampling rate with the age that is equivalent to a noise growth. In other words the data quality is inhomogeneous and tendentious worsen for the older part. Regarding the wavelet analysis as a statistical hypothesis test against red or white noise, rough sampling is equivalent to large errors of the second type, i.e. cyclicity that is present but cannot be detected. This error of second type is closely related to the effective number of data points which depends on the localization and period length of the considered wavelet. In Fig. 5 the effective number of data points concerning the δ 18 O-record (Fig. 1) is presented. Further, the signal to noise ratios, i.e. the quotient of the standard deviations (concerning white noise), that have to be passed over in order to descry the periodic structures hidden in the noise by means of the method used in this paper, are shown. Both plots show structures that depend not only on the period length as it would be in the case of evenly spaced data, but also on the localization. This emphasizes the need for a careful interpretation of the results of a wavelet analysis, in particular for short-scale variability. On the other hand it points out, that millennial scale variability is rather robust against the sampling properties, because it is detectable through the whole record, wherever its signal to noise ratio is larger than 0.2.
The hypothesis against which we are testing by applying the technique described above is "The record is red noise". This red noise, however, is modeled in a rather simple wayas the realization of a first order autoregressive process. Future work has to consider more complicated red noise models, at least higher order autoregressive processes. We have to develop algorithms that fit coefficients belonging to such noise models.
Since paleo climatic records are in general not Gaussian distributed and climate variations are neither symmetric in time nor in amplitude, a sinusoidal wavelet basis as we have chosen it does not seem to be ideal. In the framework of a forthcoming paper we are going to generalize our approach to more complicated model functions.
Appendix -Wavelet analysis of unevenly sampled data in formulae
Wavelet analysis is basing on wavelet functions, so called mother wavelets. In this contribution we have applied the abbreviated Morlet-Wavelet
a function that depends on the period ω and the considered time τ and which is rapidly decreasing with growing distance to τ . The parameter c is chosen equal to (8π 2 ) −1 . To consider the wavelet transform as a weighted projection from the sampling space into a lower dimensional function space, a statistical weight and a basis of this function space need to be defined. The statistical weights are chosen in accordance to the first factor of Eq. (A1), i.e.
and contribute to a weighted scalar product
This enables to write the (weighted) variation of the sampling space vector x, i.e. of the time series as:
The complex second factor of Eq. (A1) is separated into its real and imaginary part, which gives, together with the constant vector a basis for the projection space (for fixed frequency ω and time localization τ ): Note that (ỹ a ) 2 is the squared coefficient belonging to the a-th basis vector. The Null hypothesis "The data record is white noise" can be tested by evaluating the test statistic
which follows an F-distribution with (N eff −3, 2) degrees of freedom. While the F-distribution is only defined for integer degrees of freedom, N eff is usually not an integer. Thus, an evaluation of concerned F-quantiles requires interpolation and implies errors which are large for small N eff and can be neglected for large N eff . A related formula for a test against red noise cannot be derived straight forward, because correlations between neighboring data points have to be taken into consideration. The expectation value of V y , that is needed for construction of a test statistic, gets an additional term depending on the covariance function of red noise and the period length. For more details we refer to the master thesis of A.Y.S. (Schumann , 2004) .
The projection coefficients concerning the basis vectors 2 and 3 supply estimates of the wavelet amplitude A(ω, τ ) = (ỹ 2 ) 2 + (ỹ 3 ) 2 (A10) and the wavelet phase φ(ω, τ ) = arctan (ỹ 2 /ỹ 3 ).
